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Abstract. Generalizing the passage from a fan to a toric variety, we provide 
a combinatorial approach to construct arbitrary effective torus actions on nor- 
mal, algebraic varieties. Based on the notion of a "proper polyhedral divisor" 
introduced in earlier work, we develop the concept of a "divisorial fan" and 
show that these objects encode the equivariant gluing of affine varieties with 
torus action. We characterize separateness and completeness of the resulting 
varieties in terms of divisorial fans, and we study examples like C*-surfaces 
and projectivizations of (non-split) vector bundles over toric varieties. 



1. Introduction 

This paper continues work of the first two authors [AH06| . where the concept 
of "proper polyhedral divisors (pp-divisors)" was introduced in order to provide 
a complete description of normal affine varieties X that come with an effective 
action of an algebraic torus T . Recall that such a pp-divisor lives on a normal 
semiprojective (e.g., affine or projective) variety Y , and, at first glance, is just a 
finite linear combination 

D 

where D runs over the prime divisors of Y and the coefficients are convex 
polyhedra, all living in a common rational vector space -/Vq and all having the same 
pointed cone <j C iVQ as their tail. To see an example, let Y be the projective 
line, and take the points 0, 1 and oo as prime divisors on Y . Then one obtains a 
pp-divisor P on Y by prescribing polyhedral coefhcients as follows. 



1 CX3 

The affine T- variety X associated to V is the spectrum of a multigraded algebra A 
arising from V. Evaluating the polyhedral coefficients turns the pp-divisor into a 
piecewise linear map from the dual cone C A/q of the common tail to the 
rational Cartier divisors on Y: it sends m g ct^ to the divisor 'V{u) = J^o^dD, 
where ao = min(M, A^i). The global sections of these evaluations fit together to 
the desired multigraded algebra: 

A := r(y,2?(«)). 
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In the present paper, we pass from the afhne case to the general one. In the 
setting of toric varieties, the general case is obtained from the affine one by gluing 
cones to a fan. This is also our approach; applying Sumihiro's Theorem, we glue 
pp-divisors to a "divisorial fan" . There is an immediate naive idea of how such a 
divisorial fan should look: all its divisors 2?* live on the same semiprojective variety 
Y, their polyhedral coefficients live in the same vector space Nq, and, for every 
prime divisor D, the should form a polyhedral subdivision. For example, the 
single pp-divisor onY = V^ discussed before could fit as a into a divisorial fan 
comprising five further pp-divisors as indicated below. 



d1 




1 oo 

To describe the gluing of affine T- varieties amounts to understanding their open 
subsets in terms of pp-divisors; a detailed study is given in Sections |3] and 3) Based 
on this, in Section [5] we introduce a concept of a divisorial fan. We show that each 
such divisorial fan canonically defines a normal variety with torus action (Theo- 
rem ESI), and it turns out that every normal variety with effective torus action can 
be obtained in this way (Theorem 15. 6p . In Section [6l we discuss "coherent" diviso- 
rial fans-a special concept, which is much closer to the intuition than the general 
one. For example, the figure just drawn fits into this framework: it describes the 
projectivization of the cotangent bundle over the projective plane. 

Following the philosophy of toric geometry that geometric properties of a toric 
variety should be read off from its defining combinatorial data, in Section[7]we study 
separateness and completeness and provide a complete characterization of these 
properties in terms of divisorial fans (Theorem 17. 5p . The last section is devoted 
to examples. We give the divisorial fans of Danilov-GizatuUin compactifications of 
affine K*-surfaccs, recently discussed using different methods by Flenner, Kaliman 
and Zaidcnberg. This example indicates that our constructions may be used for 
finding compactification of varieties with torus actions in a rather intuitive way. 
In our last example we provide a translation of Klyachko's description of vector 
bundles on toric varieties into the picture of divisorial fans. 

We expect applications of our constructions in all fields where toric varieties 
have proved their usefulness. Following the toric program, next steps will be the 
description of divisors, bundles and equivariant maps as well as the understanding 
of intersection products and cohomology on divisorial fans. 
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2. The affine case 

In this section, we briefly recall the basic concepts and results from [AH06| . 
and we introduce some notions needed later. We begin with fixing our notation in 
convex geometry. 

Throughout this paper, N denotes a lattice, i.e. a finitely generated free abelian 
group, and M := Hom(A^, Z) is the associated dual lattice. The rational vector 
space associated to N is Nq := Q ®z N. Given a homomorphism F : N ^ N' oi 
lattices, we write F: Niq — s- Nq for the corresponding linear map. For two convex 
polyhedra A, A' C Nq, we write A -< A' if A is a face of A'. 

Let a C Nq be a pointed, convex, polyhedral cone. A cr-polyhedron is a convex 
polyhedron A C A^q having a as its tail cone (also called recession cone). With 
respect to Minkowski addition, the set Pol^T (N) of all cr-polyhedra is a semigroup 
with cancellation law; we write Polcr(A^) for the associated Grothendieck group. 

Now, let y be a normal, algebraic variety defined over an algebraically closed 
field K. Except in Section[71 we understand points always to be closed points of Y. 
The group of polyhedral divisors on Y is defined to be 

WDivQ(r,CT) := Pol^(Ar)0zWDiv(r), 

where WDivQ(F) denotes the group of rational Weil divisors on Y. Any polyhedral 
divisor V — Ajj (x) D with A/j G Pol^(A^) evaluates to a piecewisc linear convex 
map on the dual cone cr^ C Mq of cr C Nq, namely 

P: (T^ ^ WDivQ(F), u ^ \^ eval„(A£))_D, where evalti(A£)) := min(u,z;). 

Here, convexity is understood in the setting of divisors, this means that we always 
have2?(w + u') > 'D{u)+'D(u'). A proper polyhedral divisor (abbreviated pp-divisor) 
is a polyhedral divisor V £ WDivQ(y, cr) such that 

(i) there is a representation V = ^ A/j D with effective divisors D 6 
WDivQ(r) and Ai) e Pol+(Af), 

(ii) each evaluation "Diu), where u e cr^, is a semiamplc Q-Cartier divisor, i.e. 
has a base point free multiple, 

(iii) for any u in the relative interior of cr^, some multiple of 2?(w) is a big 
divisor, i.e. admits a section with affine complement. 

^From now on, we suppose that Y is, additionally, semiprojective, i.e. projective 
over some affine variety. Every pp-divisor P = ^ A^i D on y defines a sheaf of 
graded Oy-algebras, and we have the corresponding relative spectrum: 

'■= C'(P(u)), X Specy(^). 

The grading of A gives rise to an effective action of the torus T Spec(]K[A/]) 
on X , the canonical map tt : A" — > y is a good quotient for this action, and for the 
field of invariant rational functions, we have 

K{Xf = IK(y). 

By |AH06|. Theorem 3.1], the ring of global sections A := V{X, O) = r(y. A) is 
finitely generated and normal, and there is a T-equivariant, projective, birational 
morphism r: A" — > AT onto the normal, affine T-variety X := XiV) := Spec(A). 
Conversely, |AH06[ Theorem 3.4] shows that every normal, affine variety with an 
effective torus action arises in this way. 
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The assignment from pp-divisors to normal, affine varieties with torus action is 
even fmictorial, see [AH061 Sec. 8]. Consider two pp-divisors, 

V = ^A'^, 0^' G PPDivQ(y',cr'), ^ = ^l^D®D G PPDivQ(y,(7). 

li ij:: Y' ^ Y IS a, morphism such that none of the supports of the _D's contains 
■0(F), and if F : A^' ^ is a hncar map with F{a') C ct, then we set 

D D' 

Suppose that for some "polyhedral principal divisor" div(f) = J^i'^i ~^ ® div(/i) 
with Vi G N and fi £ K{Y'), we have inside WDivQ(y , a) the relation 

ij*{V) < F,(P')+div(f) 

after evaluating with arbitrary u G <t^. Then the triple [ip, F, f) is called a map from 
the pp-divisor V to the pp-divisor T). It induces homomorphisms of 0y-modules: 

0{V{u)) tP^O{V'{F*u)), h ^ K^Wih). 

These maps fit together to a graded homomorphism A — > tp*A! . This in turn gives 
rise to a commutative diagram of equivariant morphisms, where the rows contain 
the geometric data associated to the pp-divisors V and V respectively: 



Y^^X^-^X 



Y' X' 7^X'. 

IT r 

In particular, the map V ^ T> defines an equivariant morphism X' X with 
respect to T' T defined hy F: N' ^ N. 

Here, we will frequently consider a special case of the above one. Namely, suppose 
that Y' = Y and A^ ^ A/j holds for every prime divisor D G WDiv(F). Then 
(T^ C (ct')^ holds for the dualized tail cones. Moreover, for every u G cr^, we obtain 

= y min {u,v)D < } min {u,v)D = 

Consequently, we have a graded inclusion morphism A ^ A' the associated 
sheaves of Oy-algcbras, and hence a monomorphism A ^ A' on the level of global 
sections, which in turn determines a T-equivariant morphism X' X . 

In |AH06[ Prop. 7.8 and Cor. 7.9], we took a closer look at the fibers of the map 
TT : X — > y arising from a pp-divisor 2? = ^ Ab (8) D. Suppose that all D^s are 
prime. For a point y £ Y , its fiber polyhedron is the Minkowski sum 

A, := ^ Az, G Pol+(A^). 

Let Ay denote the normal fan of the fiber polyhedron Aj,. Then Aj^ subdivides the 
cone cr^, and the faces of Aj, are in order reversing bijection to the cones of Ay via 

F A(F) ~ {u G A/q; {u, v~v') >0 for aU u G A, w' G F}. 

Now, for z G 7r^^(y), let u!{z) denote its orbit cone, i.e. the convex cone generated 
by all weights u € M admitting a w-homogeneous function on 7r^^(y) with f{u) ^ 0. 
Then there is a bijection: 

{T-orbits in 7r^"'^(?/)} Ay T-x (—> w{x). 

This does eventually provide an order and dimension preserving bijection between 
the T-orbits of TT^^{y) and the faces of Ay. 
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Now, for the gluing of pp-divisors performed later, it is necessary to relax our 
notation: We will allow as an element of Po\c{N). This new element is subject 
to the rules + A := and • := tr. Moreover, if occurs as a coefficient of a 
pp-divisor V = Aq (E) D, then we will always assume that [J^^^^ suppZ? is the 
support of an effective, scmiample divisor, and we understand T> G PPDivQ(y,(T) 
as I?|loc(i?) G PPDivQ (Loc(P), cr) with 

Loc(X') := r \ IJ suppD. 

Ad=0 

This new convention is compatible with the following evaluation of the coefficients 
of a polyhedral divisor. 

Definition 2.1. Let be a lattice, a C Nq a pointed polyhedral cone, and 
T) = J2 Ad ^ D a polyhedral divisor on a normal variety Y. If 

/i : {prime divisors on Y} —>■ M 

is any map, then we define the associated weighted sum of the polyhedral coefficients 
to be 

:= := ^l{V) ^a*(^)-Az5 G Po1,(7V). 

Example 2.2. (i) For the trivial map ^ = 0, the weighted sum Aq gives the 

common tail cone tail(P) of the coefficients of V. 

(ii) Fixing a prime divisor P G WDiv(F), we may consider i-ip{D) 5d,p- 
The corresponding Dp ~ /ip(2') recovers the coefficient Ap of P. 

(iii) Given a point y ^ Y, set Hy{D) := 1 ii y € D and iJLy{D) := else. Then 
^ji.yi'D) is precisely the fiber polyhedron Aj, of the point y £Y . 

(iv) If C C r is a curve, then iJ.c{D) := (C • D) leads to iic{V) =: (C • P) G 
Polo-(iV). In the case of y C, or F = P" and C being the line, we denote 
{C -V) alsobydegP. 

3. Open embeddings 

In this section, we begin the study of open embeddings of affine T-varieties in 
terms of pp-divisors. The first statement is a description of the equivariant basic 
open sets obtained by homogeneous localization. Recall that in toric geometry 
equivariant localization corresponds to passing to a face of a given cone. The 
generalization to pp-divisors involves also operations on the base variety; here is 
the precise procedure. Fix a lattice N and a normal, semiprojective variety Y . 
Moreover, let a C Nq_ be a pointed cone and consider a pp-divisor 

V = ^Ad®D G PPDivQ(y, cr). 

As usual, A denotes the associated sheaf of A/-graded Oy-algebras, A := r{Y,A) 
is the algebra of global sections, and we set X := SpecY(^), and X := Spec(A). 

Definition 3.1. Let ti; G cr"^ n M and f £ A^ ^ T{Y, 0{V{w))). 

(i) The face of A G Pol+(iV) defined by w is 

face(A,w) {v G A; {w,v) < {w,v') for aU u' G A} G Pol+^^^{N). 

(ii) The zero set of / and the principal set associated to / are 

Z{f) Supp(div(/) + PH), Yf Y\Z{f). 

(iii) The localization of the pp-divisor 2? by / is 

Vf ■.= ^i&cc{AD,w) (g) DiYf = 0® (div(/) +2?(u;)) +^facc(AD,w) 
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Lemma 3.2. Let w G a'^ n M and f e Ay, = r{Y, 0(I?(w))) as in DefinitionUll 
Then, for u £ cr fl and k ^ 0, one has u + kw € and 

Vf{u) ^ V{u + kw)\Yf ~ V{kw)\Yf ■ 

Proof. Set a-yj := cr H and A^j := face(A, w). The first part of the assertion is 
clear by = tr^ — Q>oW- The second part is obtained by comparing the non-empty 
coefficients of the prime divisors. For Vf{u), they are of the form min(Au,,M). If 
u attains this minimum at v e A^^, , then v provides a minimal value for u + kw on 
the whole A. Thus, the claim follows from 

min(A.u,,u) = {v,u) ~ (v,u + kw) — {v,kw) = min(A, u + few) — min(A, /cw). 

□ 

Proposition 3.3. For a pp-divisor D on a normal, semiprojective variety Y , let 
Vf be the localization ofD by a homogeneous f £ A^. Then Vf is a pp-divisor on 
Yf, and the canonical map 'Df-^T> describes the open embedding Xf—^X. 

Proof. We may assume that V has non-empty coefficients. Recall that Yf is ob- 
tained by removing the support oi D = div(/) -l-'D(w) from Y . In particular, T>{w) 
is principal on Yf, and thus, for fc 3> 0, Lemma 13.21 gives 

OYj{Vf{u)) = OYf{V{u + kw)). 

Using this, one sees that the assignment u i— > 'Df{u) inherits from u ^— > T>{u) the 
properties (i) to (iii) of a pp-divisor formulated in Section [21 

To see that T)f ^ V defines an open embedding Xf — > X, it suffices to verify 
that, for any linear form m £ (cr n w^Y C\ M = (cr^ n M) — N ■ w, we have 

y V{Y,V{u + kw))l f'' = T{Yf,V{u + kw)-kV{w)) where fc > 0. 

Consider an element g/ f*' of the left hand side. Then dYv{g) + T){u + kw) > 
holds. Hence, still on Y, we have 

div{g/f'') + V{u + kw)-kV{w) > -divif'') - kV{w) = -kZ{f). 

Thus, div{g/f'^) + V{u + kw) — kT){w) is effective on Yf, which means that g/ f^ 
belongs to the right hand side. 

For the reverse inclusion, take any element from the right hand side; we may 
write this element as g/ f^ with A: ^ 0. From the relation 

diY{g/f'')+V{u + kw)-kV{w) > 

on Yf, we obtain the existence of an £ G Z such that the same divisor is > —lZ{f) 
on Y . Moreover, we may assume that £ > k. Then, 

div{g/f'')+V{u + kw)-kV{w) > -div(/^) - ^ 

holds on Y. Using the convexity property of the assignment u >—>■ 'D{u), we can 
conclude 

divigf'^-'') +V{u + iw) > dYv{gf'-^)+V{u + kw) + {£-k)V{w) > 0. 

However, this shows that g/ f'^ — gf^~^ / f^ belongs to the big union of the left hand 
side. □ 

Whereas in toric geometry every equivariant open embedding of affine toric va- 
rieties is a localization, this needs no longer hold for general T-varieties. Thus, in 
view of equivariant gluing, we have to take care of more general affine open embed- 
dings. We consider the following situation. By N , we denote again a lattice, and 
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y is a normal variety. Moreover, cr' C cr C Nq are pointed polyhedral cones, and 
we consider two pp-divisors 

V = Y,^'d®d e ppDivQ(y,(T'), V = Y,^d(E)D e ppDivQ(r,cr). 

We suppose that A'^ C A^i holds for every prime divisor D G WDiv(F). For the 
respective loci of these divisors, we then obtain 

V := Loc(P') = {y £ F; 7^ 0} C {ye Y; Ay 7^ 0} = Loc(P) =: V. 

Note that we have a natural map 2?' P of pp-divisors. As mentioned in Scction[2l 
this gives rise to a commutative diagram of T-equivariant morphisms, where the 
rows contain the geometric data associated to V and V respectively: 

TT — r 

X ^x 



V X' 7^ X' 

7T r 

Proposition 3.4. The morphism X' X associated to D' —t T) is an open 
embedding if and only if any y G V' admits w (z cr^ H M and f G with 

y £Vf C V' , A'y ~ face(Ay, w), face(A^, u;) = fa.cc{Ay,w) for every v S Vf. 

Proof. Suppose that X' ^ X is an open embedding. For short we write X' C X. 
Given y £ V' , let T-z' C (Tr')~^{y) the (unique) closed T-orbit and choose / £ A^, 
where w £ Ci M, such that 

/(r'(/)) ^ 0, f\x\x' = 0. 

Then we always have Xf = X'^-. Since the maps r: X ^ X and r' : X' ^ X' are 
birational and proper, this implies 

B := r(Xf,o) = r{Xf,o) = r(x},o) r(x},o) =: b'. 

Considering the invariant parts, we obtain that r{Vf,0) equals r{Vj:,0). Since 
both Vj C Vf are semiprojective, this gives Vj = Vf. Using |AH06[ Thm. 3.1 (iii)], 
we arrive at 

y e nir-^Xf)) = Vf = V} C V' . 

Moreover, B and B' are the algebras of global sections of the localized pp-divisors 
Vf and Vf living on Vf = Vf. By |AH061 Lemma. 9.1], B = B' imphes Vf = P^. 
Thus, we obtain 

face(A'„, = face(A„,?i;) 

for every v S Vf. Finally, f{r'{z')) ^ implies A'y = face(AJ^,w), which, together 
with the preceding obervation, shows A'y = face(Ay, w). 

Now suppose that V and V satisfy the assumptions of the proposition. For every 
y € V choose w and / £ as in the assertion. Then wc have A^ — facc(A^,w). 
From this, we can conclude (7r')~^(?/) C X'j. Consequently, the sets X'j:, where 
y e V, cover X'. 

Moreover, the assumption implies that the localized pp-divisors 2?^ and Vf co- 
incide. Hence, the canonical maps X'j: —>■ Xf are isomorphisms, and this also holds 
for the canonical maps X'^ Xf. Since X' is covered by the sets X'j:, we obtain 
that X' X is an open embedding. □ 

Remark 3.5. Suppose we are in the situation of Proposition l3.4l 
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(i) The condition face(A^,w) = face(A„, w) for every v G Vf is equivalent to 
the following one: If face{A'jj,w) ^ face(A£),w), then D 6 WDiv(y) is a 
prime divisor supported in Z{f). 

(ii) The condition of the previous Proposition 13.41 implies that Ay ^ Aj, holds 
for all y gY . This weaker condition turns out to be equivalent to the map 
X' ^ X being an open embedding. 

Example 3.6. Let F = and = Z. The pp-divisor V [0, oo) {0} + [1, oo) 
{oo} describes with its standard ]K*-action. On the other hand, we may consider 
V := [0, oo) {0} + {oo}. The morphism V T> describes the blowing up of 
the origin in K^, hence, it is not an open embedding. 

4. Patchworking 

In this section, we continue the study of cquivariant open embeddings. Given a 
pp-divisor and its associated affine T- variety X , our aim is to construct a pp-divisor 
for an invariant, affine, open subset X' C X. Clearly, X' is a union of homogeneous 
localizations of X. We need the following setting. 

Definition 4.1. Let X be an affine T-varicty, and let X' C X he an invariant, 
open, affine subset. We say that fi, ■ ■ ■ , fr G ^(X, O) reduce X to X' if 

(i) each fi is homogeneous and X' = lj[=i ^fi holds, 

(ii) each fi is invertible on some orbit closure in X' . 

Remark 4.2. For any invariant, affine, open subset X' C X oi an affine T-variety 
X, there exist homogeneous functions /i, . . . , G r(^, O) that reduce X to X'. 
li X' ^ X is an open embedding that arises from a map of pp-divisors P' ^ 2? as 
in Proposition 13.41 then the functions / £ mentioned there will do. 

By jAH06| Thm. 8.8], the open embedding X' ^ X may be represented by some 
map of pp-divisors V — > V. In the following, we will show that V may be chosen 
to live on the same base Y as V does. 

Proposition 4.3. Consider a pp-divisor V = Ajj (E) D on a normal semipro- 
jective variety Y , denote the associated geometric data by 

TT — r 

Y^ X -X , 

and let X' C X be an invariant, affine, open subset. Then Y' := i:(r~^{X')) C Y 
is open and semiprojective. Moreover, if fi £ A^. reduce X to X' , then 

V' := IJl?/, ^A'd® D\Y', where A' := |J iacc{AD,Wi) < Ad 

is a pp-divisor on Y' ~ [jYf-, and the canonical map T>' ^ V defines an open 
embedding of affine varieties having X' as its image. 

Corollary 4.4. Let X be the affine variety arising from a pp-divisor T> on a normal 
variety Y , and let the pp-divisors 

V = Y.A'd®D = yP/., V" = Y.A'i,®D = \JV,^ 

with loci Y' QY and Y" C Y, respectively, describe open subsets X' = [JXj. and 
X" = y Xg^ as in Proposition \4-3\ Then we have 

p'np" := ^(Ai,nA^)®i? ^ [J-Dns,- 

In particular, V D T>" is a pp-divisor with locus Y' n Y" C Y , and the canonical 
map T>' n T>" —* T> describes an open embedding having X' D X" as its image. 
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For the proof of Proposition 14.31 we need two preparatory lemmas. Let Y, Y" 
be normal semiprojective varieties, iV, N" lattices, a C A'q and a" C TVq pointed 
cones, and consider pp-divisors 

V = Y^I\d®d e PPDivQ(y,(T), V" = J2'^D®D" e ppDivQ(y",(T") 

with non-empty coefRcients. Moreover, let F, f) be a map from V" to V. As 
indicated in Section [2 the map f) gives rise to a commutative diagram of 

equivariant morphisms, where the rows contain the geometric data associated to 2? 
and T>" respectively: 



X -X 



Y" X" 77^ X". 

TT r 

Lemma 4.5. In the above notation, suppose that the morphism ip: X" X is an 
open embedding. Then the following holds. 

(i) We have ip{X") ~ r~^{(p{X")), and the induced morphism (p: X" 
ip{X") is proper and birational. 

(ii) The image tplY") QY is open and semiprojective, andip: Y" ^{Y") is 
a projective birational morphism. 

(iii) For every y G ■0(1""), the intersection Uy := tt^^(jj) D if{X") contains a 
unique T -orbit that is closed in Uy. 

Proof. Consider the open subset U := (p{X"), its inverse image U := r~^{U) and 
V 7r(J7). By |Ha05[ Lemma 2.1], the latter set is open in Y. These data fit into 
the commutative diagram 

7r — r 

u 



4> 



Y" -^^^X" 77^ X". 

7r r 

The map ip is birational, because r", (p and r are birational. Moreover, since r" 
and hence ip o r" are proper, we infer from the diagram that ip is proper, and thus 
surjective. Consequently, we obtain ipiY") = V; in particular, this set is open in 
Y. In order to see that F is a semiprojective variety, note first that for its global 
functions, we have 

r{v,o) 9^ r{u,o)o ^ r{x",o)o ^ r(r",o); 

the first equality is guaranteed by [Ha05[ Lemma 2.1]. Thus, setting := T{Y", O) 
and Yq" := Spec(AQ), we obtain a commutative diagram 




V 



Y" 

Since ip is surjective, V Yg" is proper. Since V is quasiprojective, we even obtain 
that V — > Yq is projective, and so is i/;: Y" V. The map ip is also birational. 
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because we have the commutative diagram 

iK(r) ^^K(y") 

K(X)o K(X")o 

Now, consider y € V and the intersection Uy := TT~-^{y) D (p{X"). Since Tr~^{y) 
contains only finitely many T-orbits, the same holds for Uy. Let T-zi, . . .T-Zr be 
the closed T-orbits of Uy. We claim 

r 

r\y) = ^"{i?-\Uy)) = \Ji:"{r\T-z,)). 

i=l 

The first equality is clear by surjectivity of ip and the quotient maps 7r,7r". The 
second one is verified below; it uses properness of ip: Given y" £ tt" {ip~^ {Uy j), we 
have y" = Tr"{z") for some z" € (p~^{Uy). Since tt" is constant on orbit closures, 
we may assume that T" ■ z" is closed in if>^^[Uy). By properness of ip, the image 
(p{T"-z") = T-(p{z") is closed in Uy. It follows that y" belongs to the right hand 
side. 

Having verified the claim, we may proceed as follows. The closed invariant 
subsets (p^^(T-Zi) C X" are pairwise disjoint. By the properties of the good 
quotient tt" : X" Y" , the images 7r"{(p~^{T-Zi)) are pairwise disjoint as well. In 
particular, il'^^{y) is disconnected if r > 1. The latter is impossible because 'ip, as a 
birational projective morphism between normal varieties, has connected fibers. □ 

Lemma 4.6. For the functions fi G A^. of Proposition we always have 

A'jj := y {acc{AD,w,) r< Ad- 

In particular, for every fi with D D Yj, ^ %, we have face(A£), Wi) < A^. 

Proof. Let D be a prime divisor intersecting Y' , and consider a point y £ D C]Y' 
such that y € Yf. holds for all the /; of Proposition 14.31 with D n Yf. ^ and D is 
the only prime divisor with Ao ^ containing y. Then we have 

A^y = Ad. 

According to [AH06[ Thm. 8.8], the inclusion X' C X is described by a map 
of pp-divisors. Thus, we may apply Lemma 14.51 and obtain that there is a unique 
closed T-orbit T-z in tt"^ (y) flr"^ (X'). This orbit corresponds to a face F{z) ^ A^ 
via 

T-z I— > uj{z) i-^ facc(Ay , u) with u G int a;(z), 
where intu;(2) denotes the relative interior of the cone uj{z). Since z G r^^{X') 
holds, some of the fi of Proposition !?!^ satisfies fi{z) ^ but vanishes on T-z\T-z, 
where the closure is taken in 7r~^(?/). This means Wi G inta;(z). To conclude the 
proof, it suffices to show 

y face(Ay, Wj) = face(Ay,Wi). 

For any fj with D fl Yj. 7^ 0, we have y G Yf.. Thus, there is a point Zj G 
■"""^(y) ("I ^' with f{zj) 7^ 0. We may choose Zj such that uj{zj) is minimal; this 
means Wj G miLj{zj). Since z G T-Zj holds, we obtain uj{z) ^ w(zj). This in turn 
implies face(Aj^, Wj) < face{Ay,Wi), and the above equation follows. □ 
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Proof of Proposition\4.9\ By |AH06[ Thm. 8.8], there is a map (V', -F, f) of pp- 
divisors V" V such that the associated morphism is the open embedding of 
X' into X. Lemma |4?5] gives Y' = tp{Y"), and it ensures openness and semiprojec- 
tivity of F' C Y. Lemma l4!6l tells us 

r 

A'jj := |Jface(Ao,io,) :< Ad- 

Propertv l4.1l (ii) ensures that any Xf^ contains the generic orbit closure oiX' . Con- 
sequently, all Xj. have the same weight cone. Hence, the tail cone of face(A£), w^) 
does not depend on z, and, thus, V is a well defined polyhedral divisor on Y' . 

In order to verify the pp-properties for I?', we only have to concern ourselves 
with semiampleness and bigotry. Locally, we have canonical isomorphisms 

This shows 'ijj*{T)') ^ V" , and thus we obtain both properties by pushing forward 
suitable global sections. 

Finally, the fact that the map V V is an open embedding with image X' 
follows by comparing the induced maps P^. T>f. of the localizations. □ 

5. DivisoRiAL Fans 

In toric geometry, the equivariant gluing of affine pieces is described by means of a 
fan, i.e. a collection of polyhedral cones satisfying natural compatibility conditions. 
In this section, we generalize this idea and present a natural concept to describe 
the equivariant gluing of affine varieties with torus action. 

Definition 5.1. Let be a lattice, ct', a C Nq pointed cones, Y a normal, semipro- 
jective variety, and consider two pp-divisors on Y: 

V = ^A'jj®D e PPDivQ(r,(T'), V = ^Ad®d e PPDivQ(y,cr). 

We call V a face of V (written V ^ V) if C Ad holds for all D and for any 
y G Loc(2?') there are Wy G ct^ fl M and a Dy in the linear system |I?(my)| with 

(i) y i supp(D.y), 

(ii) A^ = i&cc^Ay.Wy), 

(iii) face(A^, Wy) = face(A„, w^) for every w e y \ supp(£'j^). 

By Proposition [3!H the face relation "P' < P" is the combinatorial counterpart 
of the open embeddings after applying the functor ^(•). It implies that the tail cone 
of V is a face of the tail cone of T). This enables us to generalize the concept of a 
fan to the setting of pp-divisors. Recall that in the preceding section, we introduced 
the intersection of two polyhedral divisors P' = ^ A^ ® D and T) = Ao ® D 
on a common variety Y as 

p'nx* ^(A'^nAc)®!). 

Definition 5.2. Let iV be a lattice, and Y a normal, semiprojective variety. A 
divisorial fan on {Y,N) is a set S of pp-divisors T> G PPDIvq (F, crx') with tail 
cones ax> Q Nq such that for any two V ,1? E S the intersection P' n P is a face of 
both T>' and V and, moreover, belongs to S. 

Given a divisorial fan S = {P*; i G /} on a normal variety Y, we have the 
affine T- varieties Xi := X(P'), and for any two i,j G /, the T-equivariant open 
embeddings 

X, ^ x{V' n pj) ^ Xj. 
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We denote the associated images by Xij := T]ij{X{'D'^ DT)^)) C Xi. Then we have 
T-equivariant isomorphisms (pij :— rjji o -q^^ from Xij onto Xji. 

Theorem 5.3. The ajjine T -varieties Xi and the isomorphisms ipij : Xij — > Xji 
are gluing data. The resulting space 

X := X{S) := ^Xi/ ^, where Xij 3 x ~ ifiij{x) e Xji, 

is a prevariety with affine diagonal X ^ X x X, and it comes with a (unique) 
T-action such that all canonical maps Xi ^ X are equivariant. 

Proof. The only thing to check is that the maps ipij : Xij — > Xji do in fact define 
gluing data. Concretely, this means to verify two things, namely 

(fitjiXij nXik) = Xj.nXjk and (fiik = ifjkoipij. 

The first one of these identities can be directly deduced from the following ob- 
servation: for any triple i,j,k G /, there is a commutative diagram 

x{V' n v^) — — ^ x{V') ^ — — x{V' n v'') 




and CoroUarv 14.41 vields that X{T>^ D D T>^) is mapped onto the intersection 

Xij n x,k of = mj{x{V' n v^)) and x,k = mk{x{V' n v^^)). 

The second identity then may be verified as an identity of rational maps: all Xi 
have the same function field, and the pull back maps ip*j are the identity. □ 

Example 5.4. The figure in the introduction on Page [2] shows a divisorial fan on 
the projective line generated by six maximal pp-divisors T)^ , . . . , 2?^, all of them 
of the form 

V = A^0{O} + A1®{1} + A!,,®{oo}. 

In order to indicate in the figure that a polyhedron is a coefficient of the divisor 
V^, we put the label "I?"' on it. As we will see in Section [51 the corresponding 
T- variety is the projectivized cotangent bundle P(rip2) over the projective plane. 

We conclude this section with a recipe for producing lots of examples using toric 
geometry. Firstly we recall from |AH06j a toric construction of pp-divisors. 

Let N' be a lattice, and denote by M' :— Hom(A^',Z) the dual lattice. Let 
6 ^ be a pointed polyhedral cone. We consider the associated affine toric 
variety and its big torus 

X' := TV(^) := SpecK[5^ nAf], T' := SpecK[M']. 

Suppose that T — > T' is a monomorphism of tori arising from a surjection deg : M' — > 
M of the respective (character) lattices; in the case of A^' = Z" and 5 = Q>g, this 
map just fixes multidegrees deg(zi) S M for the coordinates zi, . . . , z„ of A' = K". 

The aim is to construct a pp-divisor for the induced T-action on A'. We will 
work in terms of the following exact sequences: 

^M' 

A^' 

Here we have, additionally, chosen a section s of deg: M' — > M; this corresponds 
to a section t oip: N' ^ N" via t* = 'vIm' — so deg. 
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Let E" be the fan in iV^ that is obtained as the coarsest common subdivision of 
the images of the faces of S under p; its support is = p{S). Similarly, we obtain 
a subdivision of lu deg{S^) inside Mq. Then the positive fiber of u £ lu Ci M is 

A{u) {dcg~\u) n 5'') - s{u) = t* {dcg-\u) n S'') C M^. 

The normal fans A(A(u)) of these polytopes vary with the chamber structure of uj. 
Their coarsest common refinement is exactly the fan E". 

The toric variety Y" = W(E") associated to E" is the Chow quotient of X' 
by the action of T. The polytopes A(m) correspond to semiample divisors on Y" , 
and they are precisely the evaluations of the pp-divisor on Y' describing X' as a 
T-variety. namely 

ee{S")(i) 

where, by abuse of notation, the ray g £ (E")^^^ is identified with its primitive 
lattice vector g E N" , where Dg denotes the invariant prime divisor corresponding 
to g, and, dualizing the previous formula for A(u), 

Ag:^Ag{5):^{p-\g)nS)-t{g) - s*{p-\g)n5) C TVq. 

Now, more generally, let X' be a semiprojective, not necessarily affine, toric 
variety arising from a fan E' in A^'. Then, similarly to the above setup, we may 
consider the coarsest common refinement E" of all images p{S) where S S E'. This 
is again a fan in N^, and we denote by Y" the associated toric variety. 

In addition, we have, for every cone S S E', the previous construction E"((5) 
refining all projected faces of S. Note that each |E"((5)| is a union of cones of E" 
and we may define a polyhedral divisor on Y" by 

V'{S) := 

ee(S")(i) 

This pp-divisor is the pullback of the one previously associated to the affine chart 
X{d) C X'. Its locus equals W(E" n |E"(5)|) which is a modification of TV(E"(5)). 
Elements g G (E")^^' \ |E"(5)| lead to Ag{S) = in a natural way. The pp-divisors 
2?' ((5), where (5 S E', obviously fit together to a divisorial fan S' on Y' , and this 
divisorial fan describes the T-action on the toric variety X' . 

Proposition 5.5. Let X C X' be a closed T -invariant subvariety with X ClT' ^ 9, 
and let i: Y ^ Y" be the normalization of the closure of the image of X HT' in 
Y" . Then the 'D{S) := i*{'D'{S)) fit together to a divisorial fan S :~ i*S' on Y , and 
this divisorial fan describes the T-variety X . 

We leave the proof of this observation to the reader. Note that if X nT' is given 
by T-homogeneous equations fi G T{T',0), where i G /, then, multiplying with 
-^-s(dog/i) gjjjf^g them into ]K[A/"], and we obtain Y as the normalized closure in 
Y" of 

y(^-s(dcg/,)j. J g J) c T" = SpecK[M"]. 

The previous proposition presents a kind of an algorithm for constructing a 
divisorial fan for T-varieties that are equivariantly embedded in a toric variety, e.g. 
in a projective space. Besides this, we have the following. 

Theorem 5.6. Up to equivariant isomorphism, every normal variety with an ef- 
fective algebraic torus action arises from a divisorial fan. 
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Proof. Let X be a normal variety with an effective action of an algebraic torus 
T. Then Sumihiro's Theorem ensures that X is covered by T-invariant open afRne 
subvarieties Xi C X. By |AH06| Theorem 3.4], each Xj arises from a pp-divisor 
living on semiprojective varieties Yi. Choose projective closures Yi C Y^ such 
that each complement y/ \ Yi is the support of a semiample divisor. Then by 
introducing empty coefficients, each 2?* extends canonically to a pp-divisor on F/ 
having Yi as its locus. Note that Xi ^ Xi D Xj C Xi induces rational maps 
y/ <-> Yj . Via resolving indetcrminacies |Har771 Example II. 7. 17. 3], we obtain a 
projective variety Y which dominates all F/ and is compatible with these rational 
maps. Then, using Proposition 14.31 one sees that the pull back divisors of the V 
fit together to the desired divisorial fan on F. □ 

6. Coherent fans 

In Definition 15.11 we have used our characterization of open embcddings among 
affinc T-varicties to establish the face relation between pp-divisors. This led to 
the notion of divisorial fans in Definition 15.21 While these fans describe general 
T-varieties, a restriction of this generality will lead to some simplification. To be 
precise, we will overcome the following problems: Firstly, in the present definition 
of a divisorial fan, one has to check pp-ness not only for the "maximal" polyhedral 
divisors, but also for all of their respective intersections. Secondly, our characteri- 
zation of open embeddings is precise, but tough to deal with. 

Definition 6.1. Let S = {2?*} be a set of polyhedral divisors on {Y,N). To any 
map 

fi: {prime divisors on Y} — > M, 
we define the fi-slice := /i(<S) :— {/i(X'')} as the set of the weighted sums of the 
2?*-coefEcients. If is a divisorial fan, then iS^ := fJ,{S) even forms a directed sys- 
tem. According to the examples following Dcfinition l2.H we obtain as special cases 
tail(iS) := Sq and Sp, Sy for prime divisors P C F or points y & Y , respectively. 

Remark 6.2. Let 5 be a divisorial fan on (F, A^). Then, by Remark I3.5r ii). for 
any y G F, the systems Sy form a polyhedral complex, i.e. the transition maps 
are face relations. Among them are the slices Sp for prime divisor P on F. They 
even provide polyhedral subdivisions, i.e. (1?^ n 'V^)p — Vp D Vp, where the cells 
are labeled by the elements of S. Note that multiple labels may occur. If one of 
the pp-divisors does not occur as a label in, say, Sp, then this indicates that its 
polyhedral P-coefficient is empty. Thus, a divisorial fan can be seen as a "fansy 
divisor" with the subdivisions Sp posing as its coefficients. Similarily, tail(5) will 
be called the tail fan. 

Example 6.3. We consider N = Z; let S = {P^P^^pi nP^} ^he divisorial 
fan generated by = A\ (S^ Di + A| (g) D2 with some prime divisors Di , D2 of F 
and coefficients 

a; Al Al Al 

E i 3 E i 3 

-10 1 -10 1 

While the sets Sd„ form nice polyhedral complexes, the map ^ with /i(£'i) = 
A* (^2) = 1 leads to a slice ^jl{S) where both coincide with the interval [—1, 1]. 

However, nX*^ has the coefficients = A^^ = jg}^ hence A^^ = {0}, and this 
is not a face of [—1, 1]. Since /^(I?*) is not a complex, it cannot occur as a slice of 
the form Sy. Thus, Di fl D2 = is a necessary condition for S to form a divisorial 
fan. 
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The next example shows that the shces Sy, in contrast to the special case Sp, 
need not be polyhedral subdivisions. 

Example 6.4. Let Y = and denote by y the origin. Then, and Ay are 
the two polyhcdra in the rightmost figure, but A J n Ay is not a face of the A^. 
However, Sy is still a complex since Aj^ = 0. 




Definition 6.5. A set of pp-divisors S — {P* = J^d ® ^} '^il^ t)e called 
coherent if for any i,j there is a u*^ £ Af such that for all D there is a with 

max(A*^,u*^) < ^i < mm{A^,u'^) 

and 

A\,n[{.,u^^) = c%] = A^^n[{.,u^^) = cl]. 

In principle, coherence means that the coefficients of any two polyhedral divisors 
V' and are separated by hyperplanes which are mutually parallel in all prime 
divisor slices Sd] see the figure shown in the introduction. However, we do not 
exclude the case of u'^ = 0. Then coherence means that A^ = A-^ whenever both 
polytopcs arc non-empty. 

The divisorial fans we obtained in Proposition l5.5l are coherent. Here, we would 
like to raise the opposite question: If 5 is a set of pp-divisors. then we denote by (S) 
the set of all intersections of elements of S. If S is coherent, under which conditions 
does (S) become a divisorial fan? 

Proposition 6.6. Let S = {2?*} be a coherent set of pp-divisors. Then (S) inherits 
the coherence as well as the pp-property. Moreover, for any non-negative map 
fi: {prime divisors on Y} —^ ]R>o, the slices {3)^^ are polyhedral subdivisions of Niq. 

Proof. First, it is easy to show that coherence survives under finite intersections: 
Checking this comes down to considering elements V^, 1)^,1)^ S S and trying to 
separate n from P*''. If, say, k = j, then this is done by m'-' . On the other 
hand, if p ^ then one takes w*'^' -f- u^*"' instead. 

Now, we will see why the pp-property remains valid for intersections 2?* n 
of 5-elements. Denoting u := u^^ from the definition of coherence and Z'/^ := 
[J^i/j_f^D, the loci of are the semiprojective Y*/-' := y \ Z'/^ . Since both 

and are supports of effective, semiample divisors, we can use the sum of 
these divisors to show that Z* U Z^ is of the same quality, i.e. DY^ C Y stays 
semiprojective. Moreover, the locus Y'^^ of n T)^ is 

Y'^ = (Y' nY^)\ [j D ^ (y*nrJ')\supp^^(min(A{5,u) -max(A'^,u))i:i 
Ai,nAi=0 ^ (Y'r\Yi)\supp{V'{-u) + V^iu)). 

^From —u G tail(2?*)^ and u G tail(I?-')^, we obtain that the divisors u) and 
T)^ (u) are semiample on F * and Y^ , respectively. Hence their sum is semiample on 
y n Y^ . Since u) + {u) is also effective, this shows the semiprojectivity of 

We may exploit another fact from this: The previous equation shows that u) = 
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—V^{u) on y*^ . Thus, on the locus of n P^ , the divisor —'D^{u) is semiample. 
On the other hand, denoting W = J^d^d ® Lemma f3.2l tells us that V := 
J2d face(A]5, u) D leads to the evaluations T>'{u') ~ V{u' + ^u)|yij — 'D{£u)\Yii 
for £ ^ 0. Hence, they are semiample, too. 

Eventually, we may assume S = (S) to deal with the polyhedral subdivision 5^. Un- 
der summation according to /x, the coherent separation of the polyhedra inside the 
coefficients Sp transfers to as max(A^,u'-') < min(A^,u*^) or max(A^,u'-') = 
min(A^,, u^^) =: with A^, n [(., u^^) = c^] = A^^ n [(., u^^) = cjf" ]. □ 

The main ingredient of divisorial fans is the face relation, i.e. the issue of open 
embeddings. It is one of the advantages of coherent pp-sets that the class of open 
embeddings among its elements is easier to describe than in the general case. 

Lemma 6.7. Let J) be a pp-divisor on Y with non-empty coefficients, let Z CY be 
the support of an effective, semiample divisor. For u G tail(X')^ , we define 2?' on 
Y \ Z via the u-faces of the T>- coefficients. IfV is assumed to be pp (i.e. if —'D{u) 
is semiample onY\ Z), then X{Ty') — > X(T>) is an open embedding if and only if 

eY\Z 3Dy G |P(N ■ u)\ : y suppDy =: Zy D Z. 

Proof. By definition of V , we know that A^ = face(Aj,,u), hence face(AJ^,u) = 
face(Aj^,u) for all points y £ Y \ Z . In particular, the condition in the lemma 
is stronger than that of Proposition 13.41 or Definition 15.11 hence it is sufficient for 
having an open embedding. 

Out of necessity, let us assume that V is a face of V in the sense of Definition 15.11 
Then, for any y G Loc(I?') =Y\Z, there arc Uy e a'^ D M and Dy G \'D{uy)\ with 
y ^ suppZJy D Z and Ay — facc(Aj,, Uy). Since u defines the same face of Ay, 
both Uy and u are contained in the interior of the normal cone Af{Ay, Ay). Thus, 
we can find another u' G mtJ\f{Ay, Ay) such that Uy + u' = k ■ u ior some /c 3> 0. 
The semiampleness of V{u') provides some E G avoiding y, and we may use 

Dy + Ee \V{uy) + V{u')\ = \V{ku)\ as the new divisor Dy. □ 

The openness condition of Lemma 16.71 looks like asking for semiampleness of 
some divisor. This is indeed the case if = 0. In the general case, however, we can 
only formulate a sufficient condition in these terms: The condition of Lemma 16.71 is 
fulfilled whenever there is an effective, semiample divisor E with supp E = Z and 
(k'D(u) — E) being semiample for fc ^ 0. A very special example for this situation 
is when E ^ 'D{u) - this is what happens in the case of the localizations described 
in Proposition 13.31 A second class of easy instances is, of course, when Y is affinc. 
Summarizing our considerations so far, we obtain 

Corollary 6.8. Let S = {V^} be a coherent set of pp- divisors such that, for any 
i,j, there is an effective, semiample divisor E^^ on Loc(I?-') C Y with suppi?'-' = 
{j{D I A^jj n Ajj = 0} and k V^{u'^) - E^^ being semiample for fc > 0. Then (S) is 
a divisorial fan. 

Proof. Corollary 14.41 establishes the relation between intersection of pp-divisors, 
i.e. of their polyhedral coefficients, and the intersection of the corresponding affine 
T- varieties. Hence, the claim follows from Proposition 16.61 and, via the previous 
remarks, from Lemma 16.71 □ 

We will conclude this section by taking a closer look at the situation of two special 
cases. If Y is either a smooth, projective curve (covering the one-codimensional 
torus actions) or F = P", then everything becomes very clear - and we even have 
a straight characterization of the pp-ness of the elements of S: 
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Proposition 6.9. Let S = he a coherent set of polyhedral divisors on a 

projective Y with either dimY = 1 or Y = P" . Then, the elements are pp- 
divisors if and only if degV^ C tail I?-' and (being automatically satisfied if Y is 
rational) [u] ~ for any u G (taill?-' )^ with min(degl?-' , u) = 0. 
Assuming this, {S) becomes a divisorial fan if and only if min(deg2?-', w*-') = 
implies that dcg n dcg T>^ 7^ . 

Proof. First, in case of dcg I?-' = 0. all conditions mentioned in the proposition are 
automatically fulfilled. On the other hand, this case means that Loc(I?-') C Y, i.e. 
that Loc(P^) is affine. In particular, all conditions characterizing pp-properties or 
openness of maps among the corresponding affine T-varieties are satisfied, too. 
Thus, we may assume that degV^ 7^ 0. In the proposition, the condition on 
the single polyhedral divisors translates into degV^{u) > 0, i.e. ampleness, or 
V^iu) ~ 0, where the latter cannot occur for u G int(taill?-')^. This does exactly 
characterize pp-ness. Now, assuming that 5 is a set of pp-divisors, we see that, in 
the case of dim F = 1 or F = P" , the condition from Lemma 16.71 comes down to 
the ampleness of ^{u) or, alternatively, to ^ and Z = %. In particular, the 
sufficient condition from Corollarv l6.8l is necessary, too. Thus, to characterize the 
divisorial fan property, it remains to ask for [J{D \ n A-^ = 0} = whenever 

7. Separateness and Completeness 

Separateness of a toric variety is reflected by the fact that any two cones of its fan 
admit a separating linear form (cutting out precisely their intersection) . Moreover, 
a toric variety is complete if and only if the cones of its fan cover the whole vector 
space. In this section, we extend these two observations to the setting of divisorial 
fans. 

The idea is to interprete the valuative criteria for separateness and completeness 
in our combinatorial terms. We will work with divisorial fans on smooth semipro- 
jective varieties Y] this is no loss of generality, because, given a divisorial fan S on 
a singular Y , we may resolve singularities, then pull back S, and the new divisorial 
fan defines the same T-variety. 

Let us briefly fix the notation concerning valuations. As usual, we mean by a 
valuation of K(y)/IK, where Y is any variety, a valuation /j,: K(y)* ^ Q of the 
function field with = along K. Moreover, we say that y € Y is the (unique) 
center of /i if the valuation ring (C'^,m^) dominates the local ring {Oy,my), this 
means that Oy C and tUj, = fl Oy hold. 

Definition 7.1. Let F be a variety, and let be a valuation of ]K(y) /K with center 
y £Y . Then there is a well defined group homomorphism 

/i: CDiv(y) ^Q, D ^ ^(/), where D = div(/) near y with / e K(r), 

and, for smooth Y , this provides a weight function /i: {prime divisors on Y} Q. 

Remark 7.2. The homomorphism ji: CDiv(y) Q associated to a valuation fi 
of K{Y)/Y satisfies ^l{D) > for aU D>0. 

Recall from Section [S] that, for a divisorial fan S, we have defined the notion of a 
slice. For valuations /.j, the directed systems fJ.{S) of polyhedra in Nq are weighted 
versions of our former Sy. In particular, they share the property of being a complex. 

Definition 7.3. Let y be a smooth scmiprojective variety, and let 5 be a divisorial 
fan on Y with polyhedral coefficients living in Nq. 

(i) We say that S is separated, if for any two E S and any valuation 

on y, we have n{V' n V^) = /i(X>*) n t^iV^). 
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(ii) We say that S is complete, if Y is complete, S is separated, and, for every 
valuation /x, the slice /x(iS) covers Nq. 

Remark 7.4. Let iS be a divisorial fan on a smooth semiprojective variety Y. 

(i) The divisorial fan S is separated if and only if for every valuation /i, the 
slice ^(iS) is a polyhedral subdivision. 

(ii) If y is a smooth curve or if S is coherent, then iS is automatically separated. 

(iii) The divisorial fan S is complete if and only if Y is complete and, for every 
valuation /z, the slice ^J,{S) is a complete polyhedral subdivision. 

(iv) If y is a smooth, complete curve, then S is complete if all prime divisor 
slices of S cover the whole vector space. 

Theorem 7.5. Let Y be a smooth semiprojective variety, let S be a divisorial fan 
on Y , and let X be the associated prevariety. 

(i) X is separated if and only if S is separated. 

(ii) X is complete if and only if S is complete. 

The proof of this result is based on a characterization of existence of centers 
for valuations of the function field of an affine T-variety in terms of its defining 
pp-divisor. A first step is to understand the valuations themselves. 

Remark 7.6. Let T> he a pp-divisor with tail cone a C iV^ on a smooth semipro- 
jective variety Y, and let X be the associated affine T-varicty. Then K{X) is the 
quotient field of the Laurent polynomial algebra 

K(r)[A/] = 0K(y)-i", 

where, as usual, M = IIom(A^, Z) is the dual lattice. Given a valuation /i of the 
fimction field K(y) and a vector v & N, we obtain a map 

i^^,,:K{Y)[M] ^ Q, ^ min(M(/,) + (u„«)). 

This map extends to a valuation of the field K{X), and we have a canonical 
injection 

valuations(IK(F)/IK) X valuations(K(X)/IK), (m,w) ^ i^fj^v 

Conversely, any valuation ly on K(Ar)/IEC coincides on the homogeneous elements of 
IK(y)[M] with a unique v^^v- the data fi and v are defined via 

M = t^|K(y), {u,v) = i^(l"). 

Thus, on the homogeneous elements of K(y)[il/], any valuation jy of ]K(X) is 
uniquely represented by a valuation v^^v] we will denote this by ~ ly^^v 

Lemma 7.7. Let V be a pp-divisor on a smooth semiprojective variety Y , let X 
be the associated affine T-variety, and consider a valuation v v^^y on ¥i{X)/K. 
Then the following statments are equivalent. 

(i) The valuation v on K(A')/K has a center x £ X . 

(ii) The valuation pL on K(y)/K has a center y GY with v G fJ-iT)). 

Proof. As usual, let A = r{Y, A) = T{X, O) denote the global ring associated to 
the pp-divisor T>. 

Suppose that v has a center x £ X. Then we obtain A C O^, which implies 
Aq C 0,y. Thus, there is a center in := Spec(Ao) for the restriction of v to 
K(yo)- Since n and ly coincide on K(yo) and Y is projective over Yq, the valuative 
criterion of properness |Har77[ Thm II. 4. 7] provides a center y E Y ioi fi. 
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In order to verify the desired property for the weight function /x, suppose, to the 
contrary, that v ^ (tt(I') holds. Then, there is a hnear form it G cr^ fl M, where a 
stands for the tail cone of V, such that 

(w, u) < niin(ii, /x(2?)} = fi{'D{u)). 

Replacing u with a suitable positive multiple, we achieve that 'D{u) is Cartier and 
base point free on Y. Then we may choose a global section / £ r{Y,'D{u)) such 
that /^^ is a local equation for X'(m) near y. We obtain 

This implies Vf^^vif) < 0, and thus / e r{Y,V{u)) C T{X,0) does not belong 
to the valuation ring O^. Consequently, Oi, cannot dominate any local ring Ox, 
meaning that v ~ v^j^^y has no center in X; a contradiction. 

Now suppose that /i has a center y GY and that fi: CDiv(y) Q is as in (ii). 
Then fj,{T>{u)) = min(u, /i(2?)) < {u,v) holds for all u G cr^ fl M. Thus, wc have 

/ G T{Y,0{V{u))) =^ div(/) > -V{u) 

=^ > fi{-V{u)) > {u,v) 

=^ K/) = Kf) + {^.v) > 

This implies A C O^. Thus, there is a prime ideal p Q A such that Ap is dominated 
by 0„. In other words: ly has a center x £ X. □ 

Proof of Proposition |7. 5| We first treat separateness by applying the well-known 
valuative criterion, cf. [Har77l Thm. II. 4. 3]. It says that a prevariety X is separated 
if and only if every valuation of IEC(X)/K admits at most one center in X. 

Let S be separated. Consider a valuation i/ ^ v^^y of IK(X)/K with centers 
x, x' G X. Then x and x' belong to affine charts X{V) and X{T>') with D, V G S. 
By Lemma 1 7. 7[ there is a (unique) center y £Y for /i, and we have 

V G n{V) n 

Separateness of S gives w G pi{'D DV). Again by Lemma [77fl it follows that i/ has 
a center in X{Vr\V') = X{V)nX{V'). Since X{V) and X(2?') are separated, this 
implies x = x' . 

Now, let X be separated, and suppose that S is not. Then there are 2?, P' G 5 
and a valuation /x on y such that we have 

fi{vr\V') c ^(2?) n fi{v'). 

Pick any w G ^i{V)nfi{V') that does not belong to fiiVnV). Then by Lemma iTJl 
the valuation = has no center in X{'D n V) but it has centers x G X{T>') 

and G X(r>"). Since X(P n 2?') equals X{V) n X(2?'), we obtain x 7^ x'. This 
contradicts separateness of X. 

We turn to completeness. Again we make use of a valuative criterion, cf. |Har77[ 
Thm. 11.4.7]. It says that a (separated) variety X is complete if and only if every 
valuation of K(X)/IK has a center in X. 

Let X be complete. Suppose that Y is not. Then there is a valuation ^ of 
K(F)/K without center on Y . Take any v G iVQ. Lemma [7771 savs that has no 
center in X. A contradiction. Next suppose that there were a noncomplete valuative 
slice /i(iS). Take v G TVq \ |/z(iS)|. Then, again by Lemma l7.71 the valuation v^^^^ on 
K(X)/K has no center in X. A contradiction. 

Finally, let S be complete. Let v ^ v^^^ be any valuation on K(Ar)/K. By 
completeness of Y , the valuation /i has a center y G Moreover, the slice /i(<S) is 
complete, this means that there is a 2? G 5 such that v G /i(2?) holds. Lemma [7771 
then provides a center of v in X{T>) C X. □ 
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Remark 7.8. Example 16.31 with, e.g., Y = and Di, D2 being two different 
prime divisors, yields a separated, but non-coherent divisorial fan. 

The following two examples underline that for checking separateness and com- 
pleteness it is not sufficient to consider the prime divisor slices. 

Example 7.9. Let Y ;= with the coordinate fimctions z and w, and denote 
the coordinate axes by D := div(z) and E :~ div(w). We consider pp-divisors 

with tail cones tail(P^) = Q<o-ei and tail(P^) = Q>o-ei and polyhedral coefficients 
in according to the following figure: 



D E 

Then S := {2?^,D^} generates a divisorial fan, and the above figure shows that its 
prime divisor slices are nice polyhedral subdivisions. However, the divisorial fan 
S is not separated. While the weight function /^(o.o) yields the subdivision 5(o,o) 
consisting of the polytopcs = 4- A^, and 0, the valuation 

M(Ea,h Kbz'^w'') := min{2a + b \ Xa.b + 0} 
provides ii{S) = {[lij)^) , ^lip^) , [i^V' nP^)} with 

fi{v^nv^) = 0, but fi{v^) n = {(0,1)}. 

One also sees directly that X{S), as the gluing of S-pec{K[x, y, s,ty~^ ,xy^t~^]) 
and SpecCKlx, y, ,ty'^,xt~^y~^]) along Spcc{K[x,y,y~^,s,s~^,t,xt~^]), is not 
separated. 

Example 7.10. On Y := P^, fix two coordinate axes, say D and E, and consider 
the coherent set S ~ {D^, ■ ■ ■ , T)'^} of polyhedral divisors given by its prime divisor 
slices as indicated below. By Proposition l6.9[ we know that (S) is a divisorial fan. 




The prime divisor slices are complete, but there is a valuation /i with i-i{D) = 
li{E) = 1 providing the following noncomplete slice. 




MS) 
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8. Further examples 

Example 8.1. In |FKZ051 Example 5.13], Flcnncr et al. describe the so-called 
Danilov-GizatuUin K*-surfaces Vq. They depend on the choice of r, s G Z>i and 
points pq,pi G M}, and, using our language of pp-divisors, are given by 

V" = [--,0]® {po} + [0, -] ® {pi} e PPDivQ(Ki, {0}) 
r s 

with N = Z. In |FKZ05| . the surface Vq is described by the two Q-divisors -D+ = 
I?°(l) = -ipo and = P"(-l) = -ipi on K^. Proposition 3.8 of |FKZ05| 
provides a canonical K*-equivariant completion of Vq by "adding" two charts V+ 
and V-. Using our divisorial fans, this completion is given as X{S) with S = 

{v-,v°,v+} 

-D~ V° 15+ I?~ r>+ "D" x>+ 

< — I i > < i i — > < 1 > 

-7 i 

^PQ ^Pl '5^0 

(and V'^ = 0) on P^. Note that the contraction X{S) of X{S) provides an even 
"smaller" compactification of Vq. The completeness of and X{S) is reflected 

by the fact that, for every prime divisor, M = Q is completely covered by the 
corresponding polyhedral coefficients (cf. Theorem 17. 5p . 

Example 8.2. In [KKMS) IV. 1] Mumford constructed a toroidal structure on 
normal varieties X with one-codimensional torus action. This leads to an associated 
fan carrying some information about the original X. However, in contrast to the 
case of toric varieties, this fan is not sufficient to recover X. 

Since the theory of divisorial fans developed in the present paper provides a tool 
for keeping complete information about the normal varieties with their torus ac- 
tion, there should be a direct way to translate divisorial fans on curves Y into the 
Mumford fans. For afhne X, this has been done by VoUmert in [Vo07| : The Mum- 
ford fan is obtained by gluing the homogenizations of the polyhedral coefficients of 
the pp-divisor along the tail cone that is their common face. As Mumford's con- 
struction works for non-afSne varieties, too, one easily sees that VoUmert's theorem 
remains valid in the general case. 

In the next examples, we consider equivariant vector bundles on a given toric 
variety X = TV(S) arising from a fan S in Nq. 

Recall that Klyachko |Kly90| , and later Perhng |Per04| . gave a combinatorial 
description of the T-equi variant, reflexive sheaves £ on X. In Perling's notation, £ 
is given by a K- vector space E together with Z- labeled increasing filtations E^(i) 
for every g G T,^^\ Note that not only is the filtrations itself an important data, 
but also the i, which tells you when a jump takes place. 

The sheaf £ is locally free (of rank r = dim^ E) if and only if we can find for 
every cr G S a basis . . . of i? and weights , . . . , G M such that for all 
g G (t(1) one has 

ejG£:^(i) ^ {u'^,g)>i. 

For the affine charts W(ct) C X, we have f (TV(ct)) C £{T) ^ E (»k K[M]; thus 
these data corresponds directly to elements of the graded module £{TY{a)) which 
generate f |TV(cr) freely. 

There are two striking examples for this encoding via filtrations. First, reflexive 
sheaves of rank one utilize a one-dimensional vector space E. Since their filtrations 
are completely determined by telling for which ig the unique step 

E^itg - 1) = 0, EB{ig) = E 
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takes place, Klyachko's description just means to fix a map i : S^^^ — > Z. This 
coincides with the classical description, see, e.g., |KKMSj . Second, the cotangent 
bundle fix on a smooth X = TV(E) may be obtained from the vector space E := 
M ®z K with the filtrations 

EB{{)) = E, EB{l)^K-Q^, EB{2)^E. 

li £ = ®jCj is a splitting vector bundle on X = TV(E), then P{£) is toric again 
(under a larger torus). Assume, e.g., that the direct summands Cj of £ are ample 
and given by lattice polytopes Aj C Mq. Then, P{£) is associated to the normal 
fan of 

A := conv(|J Aj x {cj}) C A/q x Q". 
j 

If £ does not split, then V{£) admits a torus action of our original, lower- 
dimensional T. This suggests understanding ¥{£) as a divisorial fan S on some 
variety Y. The slices of S should be polyhedral subdivisions of Nq. 

Example 8.3. Consider an equivariant rank 2 bundle £ on a toric variety, given 
by some vector space filtrations E^{i) of i? = K^. Set Y = = F{E*). For every 
maximal cone a, we obtain coefficients for two polyhedral divisors by cutting a 
with affine hyperplanes orthogonal to — ^2 . 

Ai = {v<ENQ\ K > Ijncr, Al^{veNQ\ > i}na 

V;^ {v e Nq I K < Ijncr, Vi = {veNQ\ {u^^u1,v) <i}na 

The participating prime divisors for the cr-chart are {(ej )^}, {(ej )^} G P^, where 
(ef is the one dimensional subspace of E* orthogonal to and thus a element 
of Y. To be precise, we define the polyhedral divisors P+, I>~ onY=V^. 

V+ = Ai ®{(e?)^} + A2®{(4)^} 
V- = ®{(e-)^} + V^®{(4)^}. 

Proposition 8.4. The set {T>^ \ a G S™"^} of all these polyhedral divisors gener- 
ates a fan which encodes V{£). 

Proof. We consider a maximal cone a E S™^'^. For now we fix the coordinates of 
given by the dual basis (e^)*, (ej)*. Then wc have 

P+ Ai ® {0} + A2 ® {oo}. 

We consider K[M][|^, ^] with the obvious M-grading. Then the elements with 
weight u are exactly those of the form x"/ with / e IK[f^, f^] C IK(P^). With this 
representation, we have the graded isomorphisms 



x"/ ^ / e r(0(p+(u))) 



X2 



u 

xV ^ f eT{0{v-{u))) 



KKnM][x<-<^,x"="-""-] - 0r(O((p+np;)H)) 



x"/ ^ /er(0((p+n2?;)H)) 
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Thus, we obtain P(f UJ by gluing X{V+) and X{V-). For getting the global 
result we also need to take into account the base change 6^,62 1-^ ^11^2 between 
two cones. □ 

Example 8.5 (Cotangent bundle). Let X = TV(S) be a smooth toric variety. For 
every (maximal) cone ct £ S we consider the polyhedra: 

n 

k=l 

where wf, ... is a Z-basis of M, such that the dual basis (mi )* . . . {un)* contains 
the primitive generators of the rays in a{l). We set Y = P(A^ (g) K) and 

n 

p; = ^a;^-0(«j)^. 

Then the divisorial fan iSa(S) generated by the set {PJjo-^i describes the cotan- 
gent bundle on X. Note that the tail fan of iSsi(S) is obtained by a baryccntric 
subdivision of the n-dimensional cones of E. 

Here are two concrete examples. Firstly, for Q,p2 on we obtain the picture 
already shown in the introduction. Secondly, for the cotangent bundle QdPe the 
del Fezzo surface dPg , we obtain the divisorial fan given by following prime divisor 
slices. 
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